Abstract. We present applications of contramodule techniques to the Enochs conjecture about covers and direct limits, both in the categorical tilting context and beyond. In the n-tilting-cotilting correspondence situation, if A is a Grothendieck abelian category and the related abelian category B is equivalent to the category of contramodules over a topological ring R belonging to one of certain four classes of topological rings (e. g., R is commutative), then the left tilting class is covering in A if and only if it is closed under direct limits in A, and if and only if the topological ring R is pro-perfect. More generally, if M is a module satisfying a certain telescope Hom exactness condition (e. g., M is Σ-pure-Ext 1 -self-orthogonal or self-pure-projective) and the topological ring R of endomorphisms of M belongs to one of the four classes, then the class Add(M ) is closed under direct limits if and only if its is covering, and if and only if M has perfect decomposition. The 1-tilting modules and objects arising from injective ring epimorphisms of projective dimension 1 form a class of examples which we discuss.
Introduction 0.0. The main result (or one of the main results) of Bass' 1960 paper [6] can be stated as follows: given an associative ring R, every left R-module has a projective cover if and only if the class of projective modules is closed under direct limits in the category of left R-modules. Subsequently, in 1981 Enochs proved that any precovering class of modules closed under direct limits is covering [13, Theorems 2.1 and 3.1], and in the late 1990s he asked the question whether any covering class of modules is closed under direct limits (see [17, Section 5.4 
]; cf. [4, Section 5]).
A hypothetical general positive answer to this question is sometimes called "the Enochs conjecture". A positive answer in many particular cases was recently obtained by Angeleri Hügel,Šaroch, and Trlifaj [4, Theorem 5.2 and Corollary 5.5], based on set-theoretical tools developed byŠaroch in [27] . The aim of this paper is to offer a new approach to proving particular cases of the Enochs conjecture, based on the recently developed techniques of contramodules and categorical tilting theory [22, 23, 24, 20, 21, 25] . 0.1. The general idea of our approach can be explained as follows. Firstly, we extend Bass' theorem about projective covers from the categories of modules over associative rings to some other abelian categories B with enough projective objects. This is the subject of the paper [21] .
Secondly, let A be an associative ring and M be a left A-module. More generally, M could be an object of a good enough additive/abelian category A in lieu of A-mod. We consider the full subcategory Add(M) ⊂ A consisting of all the direct summands of coproducts of copies of M in A. The aim is to prove the Enochs conjecture for the class of objects Add(M) in A.
For this purpose, we find an abelian category B such that the full subcategory B proj ⊂ B of projective objects in B is equivalent to the full subcategory Add(M) ⊂ A. Then we transfer our knowledge about the Enochs conjecture for the class of projective objects B proj in B to the class of objects Add(M) in A.
In fact, we do more. Extending the discussion in [4] to the category-theoretic context, we consider covers in cotorsion pairs, self-pure-projective objects, and objects with perfect decomposition. Under certain assumptions, we prove that the class Add(M) is covering in A if and only if the object M ∈ Add(M) has a perfect decomposition. This is based on some results of the paper [25] .
One specific feature of our approach is that we consider topologies on (the opposite ring to) the ring of endomorphisms R = Hom A (M, M)
op of the object M. In particular, the endomorphism ring of a module M over an associative ring A always has the so-called finite topology. Under the same assumptions as in the previous paragraph, we prove that the class Add(M) is covering in A if and only if all the discrete quotient rings of the topological ring R are left perfect. 0.2. The time has come to explain what our assumptions are. There are three kinds of assumptions. Firstly, given an object M in a category A, there should exist a topology on the ring R of endomorphisms of M for which the abelian category B could be described as the category of left R-contramodules. This always holds when A = A-mod is the category of modules over an associative ring, and more generally, when A is a locally finitely generated abelian category (and in some other cases, too).
Secondly, the topological ring R has to satisfy one of the technical assumptions (a), (b), (c), or (d) under which the main results of the paper [21] are proved. In particular, the condition (a) says that the ring R is commutative (and when it is not, there are three other alternatives (b), (c), or (d) which may happen to hold for R).
Thirdly, there is a more conceptual assumption which we call "telescope Hom exactness condition", abbreviated as THEC. This condition is not very restrictive. It says that right exactness of the telescope sequences computing countable direct limits of copies of the object M in A is preserved by the functor Hom A (M, −). All Σ-pure-rigid and all self-pure-projective objects (hence, in particular, all n-tilting objects) in abelian categories with exact countable direct limits satisfy THEC. 0.3. Having mentioned the assumptions, we can now formulate our main result.
Theorem 0.1. Let A be a locally presentable additive category and M ∈ A be an object satisfying THEC. Denote by B the abelian category with enough projective objects such that the full subcategory Add(M) ⊂ A is equivalent to the full subcategory of projective objects B proj ⊂ B. Assume that there exists a (complete, separated, right linear) topological ring structure on the ring R = Hom A (M, M) op such that the abelian category B is equivalent to the abelian category of left R-contramodules R-contra (this always holds for A = A-mod). Finally, assume that the topological ring R satisfies one of the conditions (a), (b), (c), or (d) of the paper [21] (e. g., this holds if R is commutative). Then the following conditions are equivalent:
(1) the class of objects Add(M) ⊂ A is covering; (2) every countable direct limit of copies of M has an Add(M)-cover in A; (3) the class of objects Add(M) is closed under direct limits in A; (4) the class B proj is covering in B; (5) any countable direct limit of copies of the projective generator R ∈ B has a projective cover in B; (6) the class B proj is closed under direct limits in B; (7) the object M ∈ A has a perfect decomposition; (8) all the discrete quotient rings of the topological ring R are left perfect.
Notice that, even in the case of the category of modules A = A-mod, one can sometimes choose between several topologies on the ring R for which the category B in Theorem 0.1 is equivalent to R-contra. In particular, when the A-module M is self-small, i. e., the natural map of abelian groups Theorem 0.2. Let A be a Grothendieck abelian category and T ∈ A be an n-tilting object. Let (L, E) denote the induced n-tilting cotorsion pair in A, and let B denote the heart of the related n-tilting t-structure on D(A). Assume that there exists a (complete, separated, right linear) topology on the ring R = Hom A (T, T ) op such that the abelian category B is equivalent to the abelian category of left R-contramodules R-contra (this always holds when A is a locally weakly finitely generated abelian category). Finally, assume that the topological ring R satisfies one of the conditions (a), (b) 
, (c), or (d). Then the following conditions are equivalent:
(1) the class L is covering in A; (2) any countable direct limit of copies of T has an L-cover in A; (3) the class L is closed under direct limits in A; (4) the class Add(T ) is covering in A; (5) any countable direct limit of copies of T has an Add(T )-cover in A; (6) the class Add(T ) is closed under direct limits in A; (7) any or all of the equivalent conditions (4) (5) (6) of Theorem 0.1 hold for the category B = R-contra; (8) the object T ∈ A has a perfect decomposition; (9) all the discrete quotient rings of the topological ring R are left perfect. 0.5. In the final sections of the paper we discuss the class of examples for Theorem 0.2 provided by the tilting modules and objects arising from injective homological ring epimorphisms of projective dimension 1. Here our discussion is based on the paper [8] .
In fact, there are two classes of examples. Let u : R −→ U be an injective homological epimorphism of associative rings such that the projective dimension of the left R-module U does not exceed 1. Then the left R-module U ⊕ U/R is 1-tilting. If the ring R is commutative, then the condition (d) is satisfied for the topological ring S of endomorphisms of the R-module U ⊕ U/R, and Theorem 0.2 is applicable for A = R-mod and T = U ⊕ U/R.
Assume additionally that the flat dimension of the right R-module U does not exceed 1. Then we consider the full subcategory A = R-mod u-co of what we call left u-comodules in the category of left R-modules R-mod. The category A is a Grothendieck abelian category, and the left R-module U/R is a 1-tilting object in A. If the ring R is commutative, then so is the topological ring R = Hom R (U/R, U/R) op , and Theorem 0.2 is applicable for A = R-mod u-co and T = U/R. 0.6. In conclusion, let us say a few words about how our results compare to those of the paper [4] . Our results are both more and less general than the results of [4] . On the one hand, the paper [4] only deals with cotorsion pairs in module categories, while we work in more general additive and abelian categories. On the other hand, we cannot prove much without one of the rather restrictive conditions (a), (b), (c), or (d), while there are no comparable assumptions in [4] .
Even for module categories A = A-mod, our Theorem 0.1 is both stronger and weaker than the results of [4] . On the one hand, we do not assume that the object
Contramodules over Topological Rings
Cocomplete abelian categories with enough projective objects, and more specifically contramodule categories, play a key role in this paper. In this section, we briefly recall the basic material related to contramodules over complete, separated topological rings with right linear topologies. More details can be found in [ For any abelian group A and a set X, we use the notation A[X] = A (X) for the coproduct of X copies of A. The elements of A[X] are interpreted as finite formal linear combinations of elements of X with the coefficients in A.
Let A be a complete, separated linear topological abelian group. For any set X, we denote by A[[X]] the projective limit
where U ranges over all the open subgroups of A. Equivalently, A[[X]] is the group of all infinite formal linear combinations x∈X a x x of elements of the set X with the coefficients a x ∈ A such that the family of coefficients (a x ) x∈X converges to zero in A in the following sense: for any open subgroup U ⊂ A, the set of all indices x ∈ X for which a x / ∈ U must be finite. For any complete, separated linear topological abelian group A and any map of sets f : X −→ Y there is a naturally induced "push-forward" map
] taking a formal linear combination x∈X a x x to the formal linear combination y∈Y b y y with the coefficients b y = x:f (x)=y a x . Here the latter sum is understood as the limit of finite partial sums in the topology of A; the convergence condition on the family of elements (a x ) x∈X together with the conditions of separatedness and completeness of A guarantee that the coefficients b y are well-defined (and form a family of elements (b y ) y∈Y which again converges to zero in A). This construction shows that the assignment X −→ A[ [X] ] is a functor from the category of sets to the category of sets or even abelian groups.
Monads on Sets.
A monad T on the category of sets is a functor T : Sets −→ Sets endowed with natural transformations of monad unit ǫ : Id Sets −→ T and monad multiplication φ : T • T −→ T satisfying the following associativity and unitality equations. The two natural maps T(φ X ) : T(T(T(X))) −→ T(T(X)) and φ T(X) : T(T(T(X))) −→ T(T(X)) should have equal compositions with the map φ X : T(T(X)) −→ T(X) for any set X,
and both the natural maps T(ǫ X ) : T(X) −→ T(T(X)) and ǫ T(X) : T(X) −→ T(T(X)) composed with the natural map φ X should be equal to the identity endomorphism of the set T(X), T ⇒ T • T −→ T. Here ǫ X denotes the map X −→ T(X) assigned to an object X ∈ Sets by the natural transformation ǫ, and similarly, φ X : T(T(X)) −→ T(X) is the map assigned to X by the natural transformation φ.
An algebra (or, in the language that we prefer in our context, a module) over a monad T : Sets −→ Sets is a set C endowed with a map of sets π C : T(C) −→ C, called the monad action map, satisfying the following associativity and unitality equations. The composition of the two maps φ C and T(π C ) : T(T(C)) −→ T(C) with the map π C should be equal to each other,
and the composition of the map ǫ C : C −→ T(C) with the map π C : T(C) −→ C should be equal to the identity map id C ,
For any monad T : Sets −→ Sets, the category T-mod is complete and cocomplete. For any set X, the set T(X) with the action map π T(X) = φ X is a T-module; such T-modules are called the free T-modules. For any T-module C, morphisms of T-modules T(X) −→ C are in bijective correspondence with maps of sets X −→ C.
A monad T : Sets −→ Sets is said to be additive if the category of T-modules T-mod is additive. In this case, the underlying set of every T-module has a natural abelian group structure; so the forgetful functors T-mod −→ Sets lifts naturally to a forgetful functor T-mod −→ Ab. For any additive monad T, the category T-mod is abelian; the forgetful functor T-mod −→ Ab is faithful, exact, and preserves all limits [19, Lemma 1.1] . For any additive monad T, the abelian category of T-modules T-mod has enough projective objects. A T-module is projective if and only if it is a direct summand of a free T-module.
1.3. Right linear topological rings. All rings in this paper are presumed to be associative and unital. A topological ring R is said to have a right linear topology if open right ideals form a base of neighborhoods of zero in R. A two-sided linear topology on R is a topology in which open two-sided ideals form a base of neighborhoods of zero. When the ring R is commutative, one simply says that "R has a linear topology" if open ideals form a base of neighborhoods of zero. A topological ring with a right (resp., two-sided) linear topology is called right (resp., two-sided ) linear topological (or just "linear topological", if the ring is commutative).
Let R be a complete, separated right linear topological ring. Then the functor
] has a natural structure of a monad on the category of sets. By the definition (see Section 1.2), this means that there are natural transformations of monad unit ǫ : Id Sets −→ T R and monad multiplication φ : T R • T R −→ T R satisfying the natural associativity and unitality equations.
For any set X, the natural "point measure" map ǫ X :
] assigns to an element x ∈ X the formal linear combination z∈X r z z with the coefficients r x = 1 and r z = 0 for z = x. The natural "opening of parentheses" map
Here the infinite sum in the construction of the coefficient t x is understood as the limit of finite partial sums in the topology of R, and the conditions of right linear topology, completeness, and separatedness imposed on the ring R guarantee the convergence.
Contramodules.
A left contramodule over a complete, separated right linear topological ring R is an algebra (or, in our preferred terminology, a module) over the monad T R . In other words, a left R-contramodule C is a set endowed with a left contraaction map π C : R[[C]] −→ C satisfying the associativity and unitality equations written down in Section 1.2.
Restricting the map π C to the subset of finite formal linear combinations
, one obtains the structure of a module over the monad X −→ R[X] on the underlying set of every left R-contramodule, which is the same as a left R-module structure. This construction defines a natural forgetful functor R-contra −→ R-mod from the category of left R-contramodules to the category of left R-modules. The monad T R is additive, the category R-contra is abelian, and the forgetful functor R-contra −→ R-mod is exact and preserves infinite products (but not coproducts).
For any set X, the free
is called the free left R-contramodule generated by X. Following the discussion in Section 1.2, for every left R-contramodule C, left R-contramodule morphisms R[[X]] −→ C are in bijective correspondence with maps of sets X −→ C,
where we denote by Hom R (C, D) the group of morphisms between any two objects C and D in the category R-contra. There are enough projective objects in the abelian category R-contra; a left R-contramodule is projective if and only if it is a direct summand of a free left R-contramodule.
Generalized Tilting Theory
Let A be an additive category with set-indexed coproducts, and let B be an additive category with set-indexed products. For any object T ∈ A and any set X, we denote by T (X) ∈ A the coproduct of X copies of T in A. For any object W ∈ B and any set X, we denote by W X ∈ B the product of X copies of W in B. Furthermore, we denote by Add(T ) = Add A (T ) ⊂ A the class of all direct summands of the coproducts T (X) of copies of the object T in the category A. Similarly, we denote by Prod(W ) = Prod B (W ) ⊂ B the class of all direct summands of the products W X of copies of the object W in B.
Given an exact category E (in Quillen's sense), we denote by E inj and E proj ⊂ E the classes of all injective and projective objects in A, respectively. In particular, this notation applies to abelian categories.
Let A be an idempotent-complete additive category with set-indexed coproducts, and let M ∈ A be an object. In this section we recall the description of the category Add(M) as the category B proj of projective objects in a certain abelian category B. This material first appeared in [23, Section 6] and [24, Section 1].
Remark 2.1. The latter two references are papers in tilting theory. So let us briefly explain the connection, which will also explain the title of this section and its first subsection, following below. In the infinitely generated tilting theory, one assigns to a cocomplete abelian category A with an n-tilting object T another abelian category B, which is constructed as the heart of the tilting t-structure on the derived category D(A). One observes that the abelian category B has enough projective objects, and the full subcategory of projective objects in B is equivalent to the full subcategory Add(T ) ⊂ A. (See Section 9 for a detailed discussion.) The next observation is that one does not need a tilting object to perform such a construction: for any object M ∈ A, there exists a unique abelian category B with enough projective objects such that B proj ∼ = Add(M). Hence the name "generalized tilting theory" which we give to this categorical construction and its basic properties.
2.1. Generalized tilting theory. Let A be a category with coproducts and M ∈ A be an object. Consider the pair of adjoint functors Φ : Sets ⇆ A : Ψ defined as follows. For any set X, the object Φ(X) = M (X) is the coproduct of X copies of M in A. For any object N ∈ A, the set Ψ(N) = Hom A (M, N) is the set of all morphisms M −→ N in the category A. The composition of the two adjoint functors
acquires a natural structure of a monad on the category of sets (see Section 1.2). According to [23, Proposition 6.2] , the full subcategory formed by the objects M (X) , X ∈ Sets, in the category A is equivalent to the full subcategory of free T M -modules T M (X) in T-mod.
Let B be a cocomplete abelian category with a projective generator P . Then the related monad T P : X −→ Hom B (P, P (X) ) is additive, and the abelian category B is equivalent to the abelian category of T P -modules [23, Corollary 6.3]:
The equivalence of categories (2.1) takes the projective generator P ∈ B to the free T P -module with one generator T P ( * ). Let A be an idempotent-complete additive category with coproducts and M ∈ A be an object. Then T M : Sets −→ Sets is an additive monad, and B = T M -mod is a complete, cocomplete abelian category with enough projective objects. The full subcategory of projective objects B proj ⊂ B is equivalent to the full subcategory
The equivalence of categories (2.2) takes the object M ∈ Add(M) to the free T M -module with one generator P = T M ( * ) ∈ T M -mod = B, which is a projective generator of B.
Assume that A is a cocomplete additive category. Then the equivalence of full subcategories (2.2) extends naturally to a pair of adjoint functors between the ambient additive/abelian categories [24, Section 1]:
The right adjoint functor Ψ M : A −→ T M -mod takes an object N ∈ A to the set Hom A (M, N) endowed with the T M -module structure provided by the map 
2.2.
Contramodules in generalized tilting theory. For many additive categories A, the monads T M associated with objects M ∈ A have the form T M ∼ = T R for certain complete, separated, right linear topological rings R. In particular, this is the case for the categories A = A-mod of modules over associative rings A.
The first related observation is that, for every monad T on the category of sets, the set T( * ) assigned by the functor T to a one-element set * has a natural monoid structure. In fact, the set T( * ) = Hom T-mod (T( * ), T( * )) is the set of T-module endomorphisms of the free T-module with one generator T( * ). We will follow the convention that the multiplication in T( * ) is opposite to the composition of endomorphisms (so the monoid T( * ) acts in the object T( * ) ∈ T-mod on the right).
For every additive monad T, the set T( * ) has a natural structure of associative ring. In the case of the monad T M for an object M ∈ A, the related ring
op is the opposite ring to the ring of endomorphisms of the object M. In the case of the monad T R for a topological ring R, the related ring is T R ( * ) = R. Thus, given an object M ∈ A, in order to find a topological ring R for which the monad T M is isomorphic to the monad T R , one has to endow the endomorphism ring
op with an appropriate complete, separated right linear topology. Additive categories A with set-indexed coproducts in which the groups of morphisms Hom A (M, N) carry topologies appropriate for the task are called topologically agreeable categories in [25] . In fact, it often happens that a given category A can be endowed with several topologically agreeable structures, differing slightly from one another. (2) In the setting of (1), we say that a left A-module E is weakly finitely generated if, for any family of left A-modules (N x ) x∈X , the natural map x Hom A (E, N x ) −→ Hom A (E, x N x ) is an isomorphism. Equivalently, this means that every A-module morphism E −→ x N x factorizes through the direct sum of the modules N x over a finite subset of indices x ∈ Z ⊂ X, |Z| < ∞. Such modules E are known in the literature as "dually slender" or "small".
For any left A-modules M and N, the weakly finite topology on the abelian group Hom A (M, N) has a base of neighborhoods of zero consisting of the annihilators of weakly finitely generated submodules E ⊂ M. The weakly finite topology on Hom A (M, N) is complete and separated, and once again, the ring Hom A (M, M) is a left linear topological ring in the weakly finite topology. Denoting by R ′ the ring
op with the weakly finite topology on it, we once again obtain a complete, separated right linear topological ring. The monad Thus the abelian category B assigned to the object M ∈ A = A-mod by the construction of Section 2.1 can be alternatively described as the category R ′ -contra.
of copies of M indexed over a finite subset Z ⊂ X. Equivalently, M is self-small if and only if the natural map of abelian groups
op endowed with the discrete topology has the property that the monad
. So the abelian category B is equivalent to the category of left R-modules, B ∼ = R-mod. (1) all the locally weakly finitely generated abelian categories A (in particular, all the locally finitely presentable, or more generally, locally finitely generated abelian categories) [23, Section 9.2]; and (2) all the idempotent-complete additive categories A with set-indexed coproducts admitting a closed functor F : A −→ C into a locally weakly finitely generated abelian category C [23, Section 9.3].
In particular, the additive/abelian categories of comodules over corings and semimodules over semialgebras belong to the class (2) [23, Section 10.3] .
So, for any object M in an additive category A satisfying (1) or (2), the monad
] for a certain complete, separated right linear topology on the ring R = Hom A (M, M)
op . The abelian category B is equivalent to R-contra.
2.3.
Accessible monads and locally presentable categories. We refer to the book [1] for the definitions and general discussion of accessible and locally presentable categories, and only recall here that a category is called locally presentable if it is accessible and cocomplete [1, Corollary 2.47]. A monad T : Sets −→ Sets is said to be accessible if its underlying functor T is accessible, i. e., there exists a cardinal κ such that T preserves κ-directed colimits.
The category T-mod is locally presentable if and only if the monad T is accessible. For any accessible category A with coproducts and an object M ∈ A, the monad T M is accessible (so the category B = T M -mod is locally presentable). For any complete, separated right linear topological ring R, the monad T R is accessible and the category R-contra is locally presentable. We refer to the paper [22, Introduction and Section 5] for the details.
The Enochs Conjecture
Throughout this paper, by "direct limits" in a category we mean inductive limits indexed by directed posets. Otherwise, these are known as the directed or filtered colimits. For any class of objects M in a cocomplete category A, we denote by lim − → M = lim − → A M ⊂ A the class of all direct limits of objects from M in A. This means the direct limits of diagrams A : Θ −→ A indexed by directed posets Θ and such that A(θ) ∈ M for all θ ∈ Θ.
Let A be a category and L ⊂ A be a class of objects. A morphism l : L −→ C in A is called an L-precover (of the object C) if L ∈ L and all the morphisms from objects of L to the object C factorize through the morphism l in the category A, that is, for every morphism
is an L-precover and, for any endomorphism e : L −→ L, the equation le = l implies that e is an automorphism of L. We will say that a class of objects L in a category A is precovering if every object of A has an L-precover. Similarly, the class L is said to be covering if every object of A has an L-cover.
Given another class of objects E ⊂ A, the definitions of an E-preeenvelope and an E-envelope of an object C ∈ A are dual to the above definitions of an L-precover and an L-cover. These notions are due to Enochs [13] ; a detailed discussion of their properties in a relevant context can be found in the book [32] .
Example 3.1. If A is an additive category with coproducts and M ∈ A is an object, then the class of objects Add(M) ⊂ A is precovering. Indeed, for any object N ∈ A, the obvious morphism
Example 3.2. Let B be an abelian category with enough projective objects and L = B proj ⊂ B be the class of all projective objects. Then a morphism L −→ C in B with L ∈ L is an L-precover if and only if it is an epimorphism. So the class of all projective objects in an abelian category with enough projective objects is always precovering; but it is rarely covering, as we will see. A B proj -cover in B is called a projective cover.
The first assertion of the following theorem is one of the main results of Bass' paper [6] . In fact, it is a part of the famous [6, Theorem P]. A proof of the assertion that any flat module having a projective cover is projective can be found in [31, Section 36.3] .
The idea of the proof of the following result goes back to Enochs' paper [13 It is easy to prove that, in any category A with coproducts, any covering class L ⊂ A is closed under coproducts (cf. Far-reaching results confirming particular cases of the Enochs conjecture were obtained in the paper [4] , based on the tools developed in [27] . The idea of our categorical approach to the Enochs conjecture is expressed in the following conjectural extension of Bass' theorem.
Main Conjecture 3.6. Let B be a locally presentable abelian category with a projective generator P . Then the following conditions are equivalent.
(1) the class B proj is covering in B; (2) any countable direct limit of copies of P has a projective cover in B; (3) the class B proj is closed under countable direct limits in B; (4) the class B proj is closed under direct limits in B.
Notice that the implications (1) =⇒ (2) and (4) =⇒ (3) =⇒ (2) in the Main Conjecture are obvious, while the implication (4) =⇒ (1) holds by Example 3.2 and Theorem 3.4. The implications (2) =⇒ (1) =⇒ (4) and (2) =⇒ (3) =⇒ (4) are nontrivial (and unknown).
Some particular cases of Main Conjecture 3.6 for categories of contramodules over topological rings are proved in the paper [21] . Specifically, the following four classes of complete, separated right linear topological rings R are considered in [21, Sections 10 and 12]:
(a) the ring R is commutative; or (b) R has a countable base of neighborhoods of zero consisting of open two-sided ideals; or (c) R is a two-sided linear topological ring having only a finite number of classically semisimple (semisimple Artinian) discrete quotient rings; or (d) there is a topologically left T-nilpotent strongly closed two-sided ideal K ⊂ R such that the quotient ring R/K is isomorphic, as a topological ring, to the product δ∈∆ T δ of a family of two-sided linear topological rings T δ , each of which satisfies one of the conditions (a), (b), or (c). Note that all the topological rings satisfying (a), (b), or (c) must be two-sided linear, while a topological ring satisfying (d) can well be only right linear. We refer to [21] for the definitions of "topologically left T-nilpotent" and "strongly closed". (1), (2), (3), and (4) 
Theorem 3.7. Let R be a complete, separated right linear topological rings satisfying one of the conditions (a), (b), (c), or (d). Then Main Conjecture 3.6 holds for the abelian category R-contra, that is, the conditions

Telescope Hom Exactness Condition
In this section we introduce the most general setting in which we can show that Main Conjecture 3.6 implies some instances of the Enochs conjecture. Definition 4.1. Let A be an additive category with countable direct limits, and let M ∈ A be an object. Given a sequence of endomorphisms
and consider the related telescope sequence (4.1)
The short sequence (4.1) is always right exact, i. e., the direct limit lim − →n≥1 M is the cokernel of the morphism id − shift :
We will say that the object M ∈ A satisfies the telescope Hom exactness condition (THEC ) if, for any sequence of endomorphisms (f n ∈ Hom A (M, M)) n≥1 of the object M, the short sequence (4.1) remains right exact after applying the functor Hom A (M, −), that is, the short sequence of abelian groups (4.2)
Example 4.2. Let A be an abelian category with exact functors of countable direct limit. Then the telescope sequence (4.1) is exact at its leftmost term, too,
as it is a countable direct limit of the split exact sequences
In this case, the telescope Hom exactness condition simply means exactness of the short sequence of the Hom groups (4.2) at its rightmost term, i. e., in other words, that any morphism
(1) Let A be an abelian category with exact countable direct limits. Then the telescope Hom exactness condition holds for any Σ-rigid (or Σ-Ext
there is a notion of purity in the abelian category A, then for any two object M, N ∈ A one can consider the group PExt
For any meaningful notion of purity, one expects that split short exact sequences should be pure exact. It is also reasonable to assume that the class of pure short exact sequences in A is closed under countable direct limits and pullbacks, among other things. If this is the case, then any Σ-pure-rigid object in A satisfies THEC. In particular, this applies to the module categories A = A-mod over associative rings A.
One specific notion of purity in abelian categories, called the functor purity, will be discussed below in Section 6. It has the above-mentioned properties.
Example 4.4. Let A be an abelian category with exact countable direct limits and a class of pure short exact sequences satisfying the conditions of Example 4.3 (2). We will say that an object M ∈ A is ω-self-pure-projective if for any pure short exact sequence 0
Any ω-self-pure-projective object M ∈ A satisfies the telescope Hom exactness condition.
For the rest of this section, we are working with a fixed object M in a cocomplete additive category A. We consider the related abelian category B = T M -mod and the pair of adjoint functors Ψ : A −→ B and Φ : B −→ A, as in Section 2.1.
Furthermore, we denote by G ⊂ A the full subcategory formed by all the objects G ∈ A for which the adjunction morphism Φ(Ψ(G)) −→ G is an isomorphism, and by H ⊂ B the full subcategory of all the objects H ∈ B for which the adjunction morphism H −→ Ψ(Φ(H)) is an isomorphism. One has Ψ(G) ⊂ H and Φ(H) ⊂ G, and the restrictions of the functors Ψ and Φ to the full subcategories G and H are mutually inverse equivalences between them [14, Theorem 1.1], Proof. Let Θ be a directed poset and A : Θ −→ A be a diagram such that the object A(θ) belongs to the class Add(M) for all θ ∈ Θ. Applying the functor Ψ, we obtain a diagram B = Ψ • A : Θ −→ B such that B(θ) is a projective object in B for all θ ∈ Θ. Applying the functor Φ to get back to the category A, we come to the original diagram A ∼ = Φ • B. Now the functor Φ, being a left adjoint, preserves all colimits, so the natural morphism lim
is a projective object in B by assumption and Φ(B proj ) = Add(M), the desired conclusion follows. Proposition 4.6. Let A be a cocomplete additive category and M ∈ A be an object satisfying THEC. Let B = T M -mod be the related cocomplete abelian category with a projective generator P = T M ( * ) ∈ B corresponding to the object M ∈ A, and let G ⊂ A and H ⊂ B be the related two full subcategories.
Then all countable direct limits of copies of the object M in A belong to the class G, and all the countable direct limits of copies of the object P in B belong to the class H. The functor Ψ preserves countable direct limits of copies of the object M ∈ A (taking them to countable direct limits of copies of the object P ∈ B).
−→ · · · be a countable inductive system of copies of the object M in A. Then we have the right exact sequence (4.1) in the category A and the right exact sequence (4.2) in the category of abelian groups. Now, the abelian category B = T M -mod is endowed with a faithful exact forgetful functor T M -mod −→ Ab, and the composition of the functor Ψ with this forgetful functor is isomorphic to the functor Hom A (M, −). It follows that the image of the sequence (4.1) under the functor Ψ is right exact in B.
The functors Ψ and Φ restrict to mutually inverse equivalences between Add(M) ⊂ A and B proj ⊂ B; so, in particular, they transform coproducts of objects from Add(M) in A to coproducts of projective objects in B and vice versa. The short sequence
is right exact in B; and the natural morphism from the sequence (4.4) to the image of the sequence (4.1) under the functor Ψ is an isomorphism at the leftmost and the middle terms. Hence it is also an isomorphism at the rightmost terms, that is, the natural morphism lim − →n
is an isomorphism. The functor Φ, being a left adjoint, preserves all colimits. Since the adjunction morphism ΦΨ(M) −→ M is an isomorphism, it follows that the adjunction morphism
We have shown that countable direct limits of copies of the object M in A belong to G, and we have also seen that the functor Ψ transforms countable direct limits of copies of M in A to countable direct limits of copies of P in B. Therefore, countable direct limits of copies of P belong to Ψ(G) = H. Corollary 4.7. Let A be a cocomplete additive category and M ∈ A be an object satisfying THEC. Let B = T M -mod be the related cocomplete abelian category with a projective generator P = T M ( * ) ∈ B corresponding to the object M ∈ A. Then the following two conditions are equivalent:
(1) any countable direct limit of copies of M has an Add(M)-cover in A; (2) any countable direct limit of copies of P has a projective cover in B. 
Proof. Both the equivalences (1) ⇐⇒ (2) and (3) ⇐⇒ (4) follow from Proposition 4.6 and the equivalence of categories (4.3). Since any epimorphism onto a projective object splits in B, we also obtain the equivalence (4) ⇐⇒ (5). Alternatively, the equivalence (3) ⇐⇒ (5) follows directly from THEC.
The following theorem is the main result of this section. Proof. The implications (1) =⇒ (2) and (4) Finally, the conditions (2) and (6) are equivalent by Corollary 4.7 (1) ⇔ (2).
Perfect Decompositions
The following definitions and terminology can be found in the manuscript [11] . Let A be an additive category with set-indexed products and coproducts. Then the category A is called agreeable if, for every family of objects (N x ∈ A) x∈X , the natural morphism from the coproduct to the product
More generally, let A be a additive category with coproducts (but not necessarily with products). Consider an object M ∈ A and a family of objects (N x ∈ A) x∈X . For every index y ∈ X, one has the natural coordinate projection morphism π y : x∈X N x −→ N y . Given a morphism f : M −→ x∈X N x , one can compose it with the morphism π y , obtaining a morphism π y • f : M −→ N y . Consider the map of abelian groups
assigning to a morphism f the collection of morphisms f y = π y • f .
Following [11] , we will say that the category A is agreeable if the map η is injective for all objects M and families of objects N x ∈ A. When the category A has products as well as coproducts, this definition is clearly equivalent to the previous one.
We will say that a family of morphisms (f x : M → N x ) in an agreeable category A is summable if there exists a morphism f : M −→ x∈X N x such that f x = π x • f for every x ∈ X. When N x = N is one and the same object for all x ∈ X, one can construct the sum g = x∈X f x of a summable family of morphisms (f x : M → N) x∈X as the composition g = Σ • f of the morphism f : M −→ N (X) with the natural summation morphism Σ : N (X) −→ N. In this paper, we will not be dealing with the sums of summable families of morphisms. Instead, we will use the notion of a summable family in order to extend to the categorical realm the classical concept of a module with perfect decomposition [3] .
Let A be an agreeable additive category and (M ξ ∈ A) ξ∈Ξ be a family of objects. For any sequence of indices ξ 1 , ξ 2 , ξ 3 , . . . ∈ Ξ and any sequence of morphisms
we consider the sequence of compositions
The family of objects (M ξ ) ξ∈Ξ is said to be locally T-nilpotent if for every sequence of indices ξ i and every sequence of nonisomorphisms f i :
In the case of a module category A = A-mod, this reduces to the classical definition: a family of modules (M ξ ) ξ∈Ξ is locally T-nilpotent if for every sequence of indices ξ i , every sequence of nonisomorphisms f i :
An object M of an agreeable additive category A is said to have a perfect decomposition if there exists a locally T-nilpotent family of objects (M ξ ∈ A) ξ∈Ξ such that M ∼ = ξ∈Ξ M ξ . More generally, one can (and we will) drop the assumption that A is agreeable and just assume that the full subcategory Add(M) ⊂ A is agreeable instead. Thus, let A be an idempotent-complete additive category with coproducts and let M ∈ A be an object. We will say that M has a perfect decomposition if the category Add(M) is agreeable and there exists a locally T-nilpotent family of objects
The following result is obtained in the paper [25] . In the case of module categories, the equivalence of conditions (ii) and (iii) was established in [3, Theorem 1.4]. (1) ⇐⇒ (2) ⇐⇒ (3) =⇒ (4) =⇒ (5) ⇐⇒ (6) =⇒ (7) ⇐⇒ (8) =⇒ (9) . R satisfies one of the conditions (a), (b), (c), or (d) , then all the conditions (1-9) are equivalent.
If the topological ring
(2) ⇐⇒ (3) is the equivalence (ii) ⇐⇒ (iii) in the last assertion of Theorem 5.1.
(1) =⇒ (4) is Theorem 5.1(i) ⇒ (iii); (3) =⇒ (4) is Lemma 4.5. The implications (4) =⇒ (5) =⇒ (7) and (3) =⇒ (6) =⇒ (8) are obvious. The equivalences (5) ⇐⇒ (6) and (7) ⇐⇒ ( By the Artin-Wedderburn classification of simple Artinian rings, (11) implies (10). In fact, the only difference between (11) and (ii) is that the sets Υ γ can be infinite 20 in (ii); the class of topological rings S in (11) is obtained by such class in (ii) by imposing the condition that all the sets Υ γ are finite.
The implication (9) =⇒ (12) is provided by Corollary 5.2 (1) ⇒ (9). This suffices to prove the corollary; but alternatively, here is a direct proof of the implication (10) =⇒ (11) under the assumption of the condition (d).
Let R be a complete, separated, right linear topological ring satisfying both (ii) and (d)
is also a quotient ring of the topological ring R/K.
The ring R/K ∼ = δ∈∆ T δ = T, on the other hand, is the product of two-sided linear topological rings T δ , so T is a two-sided linear topological ring, too. As topological quotient ring of a two-sided linear topological ring is two-sided linear, the ring S γ must be two-sided linear, i. e., it has a base of neighborhoods of zero consisting of two-sided ideals. As, in fact, there no proper open two-sided ideals in S γ , it follows that S γ must be discrete, which happens exactly when the set Υ γ is finite. The aim of this section is to suggest a simple way to extend the notion of purity to arbitrary cocomplete abelian categories. We will use it in the next Section 7.
Functor Purity in Abelian Categories
Let A be a cocomplete abelian category. We will say that a monomorphism f : K −→ M is pure (or functor pure) in A if for every cocomplete abelian category V with exact direct limit functors, and any additive functor F : A −→ V preserving all colimits (that is, a right exact covariant functor preserving coproducts), the morphism F (f ) :
If this is the case, the object K is said to be a (functor) pure subobject of the object M ∈ A.
A short exact sequence 0 (Colimit-preserving functors A-mod −→ V can be similarly described as the functors of tensor product with an object in V endowed with a right action of the ring A.) So any functor pure exact sequence in A-mod remains exact after taking the tensor product with any right A-module N, i. e., it is pure exact in the conventional sense.
Conversely, any pure short exact sequence of left A-modules is a direct limit of split short exact sequences. Hence its image under any colimit-preserving functor (and more generally, under any direct limit-preserving additive functor) F : A-mod −→ V, taking values in an abelian category V with exact direct limits, is exact. Proof. Essentially, the lemma claims that the category A with the class of all pure short exact sequences is a Quillen exact category. To prove such an assertion, it suffices to check that the class of pure monomorphisms is closed under pushouts and compositions, and the class of pure epimorphisms is closed under pullbacks. Closedness of the class of pure epimorphisms with respect to compositions will then follow [18, Section A.1].
Let 0 −→ K −→ M −→ L −→ 0 be a pure short exact sequence in A and L ′ −→ L be a morphism. Since A is an abelian category, the pullback sequence
is pure, it suffices to check that the monomorphism K −→ M ′ is pure. Indeed, the composition K −→ M ′ −→ M is a pure monomorphism. Since for any colimitpreserving functor
be the pushout sequence. Once again, since A is abelian, the pushout sequence is exact. Any colimit-preserving functor F : A −→ V preserves pushouts; so
The assertion that the composition of any two pure monomorphisms is a pure monomorphism is obvious. Example 6.3. Let A be a cocomplete abelian category with exact countable direct limits. Then, for any sequence of objects and morphisms A 1 −→ A 2 −→ A 3 −→ · · · in A, the short sequence
is pure exact. Indeed, the sequence (6.1) is exact as the countable direct limit of split exact sequences 0 −→
The image of (6.1) under a colimit-preserving functor F : A −→ V is the similar short sequence for the inductive system F (A 1 ) −→ F (A 2 ) −→ F (A 3 ) −→ · · · in the category V, which is exact whenever countable direct limits are exact in V.
Example 6.4. Let A be a cocomplete abelian category with exact direct limits. Let Θ be a directed poset and A : Θ −→ A be a Θ-indexed diagram in A. Then the augmented bar-complex (6.2)
is pure exact in A. Indeed, the complex ( * ) is the direct limit (over δ ∈ Θ) of the similar bar-complexes related to the subposets Θ δ = {θ ∈ Θ : θ ≤ δ} ⊂ Θ and the subdiagrams A| Θ δ of A. The bar-complex of any diagram indexed by a poset with a greatest element is easily seen to be contractible (by the explicit contracting homotopy given by the morphisms taking the summand A(θ 0 ) indexed by θ 0 ≤ · · · ≤ θ n to the summand A(θ 0 ) indexed by θ 0 ≤ · · · ≤ θ n ≤ δ). This proves exactness of (6.2). To prove the pure exactness, one observes that the image of (6.2) under a colimit-preserving functor F : A −→ V is the similar augmented bar-complex for the diagram F • A : Θ −→ V in the category V, which is exact for the same reason explained above whenever direct limits are exact in V.
Self-Pure-Projective Objects
The aim of this section is to prove the analogues of such results as Proposition 4.6, Corollary 4.7, and the related equivalence of properties in Corollary 5.2 for uncountable direct limits, under appropriate assumptions.
Let A be a cocomplete abelian category. We use the notion of (functor) purity defined in Section 6.
An object M ∈ A is said to be pure-split if every pure monomorphism K −→ M is split in A. One says that an object T ∈ A is Σ-pure-split if all the objects M from the class Add(T ) ⊂ A are pure-split in A.
An object Q ∈ A is said to be pure-projective if, for any pure short exact sequence 0 −→ K −→ M −→ L −→ 0 in the category A, the short sequence of abelian groups 0 −→ Hom A (Q, K) −→ Hom A (Q, M) −→ Hom A (Q, L) −→ 0 is exact. In other words, an object of A is pure-projective if it is projective with respect to the pure exact structure on A.
We will say that an object M ∈ A is self-pure-projective if, for any pure short exact sequence 0
The following examples mention classes of objects that are known to be self-pure-projective, showing that self-pure-projective objects and, in particular, selfpure-projective modules, are not uncommon.
Examples 7.1. The following objects in a cocomplete abelian category A are selfpure-projective:
(1) all pure-projective objects; (2) all Σ-pure-split objects; (3) all the objects belonging to Add(M), if M ∈ A is a self-pure-projective object.
(1) Let L and E ⊂ A be two classes of objects such that Ext 1 A (L, E) = 0 for all L ∈ L and E ∈ E (cf. Section 8 below). Assume that the class E ⊂ L is closed under coproducts and pure subobjects. Then all objects in the intersection L ∩ E ⊂ A are self-pure-projective.
Indeed, M ∈ L ∩ E and M ′ ∈ Add(M) implies M ′ ∈ E; and if a (pure) subobject K of M ′ also belongs to E, then Ext
In particular, let A = A-mod be the category of modules over an associative ring A. Then any n-tilting left A-module (cf. Section 9 below) is self-pure-projective. Indeed, any n-tilting class E in A-mod is definable, which implies, in particular, that it is closed under direct sums and pure submodules [17, Definition 6.8 and Corollary 13.42].
Remarks 7.3. (1) A pair of classes of objects (E, L) in abelian category
A is said to be a cotorsion pair if both the classes L and E are maximal with respect to the property that Ext 1 A (L, E) = 0 for all L ∈ L and E ∈ E (see Section 8) . Notice that if A is a complete, cocomplete abelian category with exact direct limits and (L, E) is a cotorsion pair in A such that the class E ⊂ A is closed under pure subobjects, then the class E is also closed under coproducts in A. Indeed, the right class E in a cotorsion pair (L, E) is always closed under products in A [12, Appendix A]. For any family of objects A α ∈ A, the natural morphism α A α −→ α A α is a direct limit of split monomorphisms, hence α A α is a pure subobject of α A α . Hence it follows that all the objects in the class L ∩ E are self-pure-projective.
(2) Let (L, E) be a cotorsion pair in the category of left modules over an associative ring A. In this context, if the class E is closed under direct limits in R-mod, then it is definable [27, Theorem 6.1]. If the cotorsion pair (L, E) is hereditary and the class E is closed under unions of well-ordered chains in A-mod, then the class E is definable as well [28, Theorem 3.5] . In both cases, the class E ⊂ A-mod is closed under (direct sums and) pure submodules, and it follows that all the A-modules in the class L ∩ E are self-pure-projective.
Let A be a cocomplete abelian category and M ∈ A be an object. As in Section 2.1, we consider the related abelian category B = T M -mod and the pair of adjoint functors Ψ : A −→ B and Φ : B −→ A. As in Section 4, we also consider the related pair of full subcategories G ⊂ A and H ⊂ B.
24
The following proposition is the uncountable version of Proposition 4.6. Proof. Let Θ be a directed poset and A : Θ −→ A be a diagram in A with A(θ) ∈ Add(M) for all θ ∈ Θ. Then the augmented bar-complex (6.2) is pure exact in A (see Example 6.4). As all the terms of this complex, except perhaps the rightmost one, belong to Add(M) and the object M is self-pure-projective, it follows that the functor Hom A (M, −) takes the complex (6.2) to an exact sequence of abelian groups. As in the proof of Proposition 4.6, we conclude that the functor Ψ transforms the complex (6.2) into an exact complex in B.
On the other hand, for any cocomplete abelian category B, any poset Θ, and any diagram B : Θ −→ B, the augmented bar-complex (7.1)
is exact, at least, at its rightmost term.
In the situation at hand, put B = Ψ • A : Θ −→ B. Then the natural morphism from the complex (7.1) to the image of the complex (6.2) under Ψ is an isomorphism at all the terms, except perhaps the rightmost one. It follows that this morphism of complexes is an isomorphism at the rightmost terms, too; that is, the natural morphism lim − →θ∈Θ Ψ(A(θ)) −→ Ψ(lim − →θ∈Θ A(θ)) is an isomorphism. The argument finishes in the same way as the proof of Proposition 4.6.
The next corollary is an uncountable version of Corollary 4.7. Proof. Both the equivalences (1) ⇐⇒ (2) and (3) ⇐⇒ (4) follow from Proposition 7.4 and the equivalence of categories (4.3). Since any epimorphism onto a projective object splits in B, we also obtain the equivalence (4) ⇐⇒ (5). Alternatively, the equivalence (3) ⇐⇒ (5) follows from self-pure-projectivity of M and pure exactness of the augmented bar-complex (Example 6.4).
In other words, in the assumptions of Corollary 7.5, the two properties (3) and (4) in Corollary 5.2 are equivalent.
Covers in Hereditary Cotorsion Pairs
In this section we discuss L-covers in an abelian category A with a hereditary cotorsion pair (L, E), aiming to gradually pass from Theorem 0.1 of the introduction to Theorem 0.2.
Let us recall the relevant definitions. Let A be an abelian category, and let L and E ⊂ A be two classes of objects. We denote by L ⊥ 1 ⊂ A the class of all objects X ∈ A such that Ext 1 A (L, X) = 0 for all L ∈ L, and by
E ∈ E, and n ≥ 1. These concepts go back to Salce [26] .
An epimorphism l :
The following lemma summarizes the properties of precovers, special precovers, and covers. Let (L, E) be a cotorsion pair in A. If c : L −→ C is an epimorphism in A with L ∈ L and the object ker(c) ∈ A has a special E-preenvelope, then the object C has a special L-precover. If b : B −→ E is a monomorphism in A with E ∈ E and the object coker(b) ∈ A has a special L-precover, then the object B has a special E-preenvelope. In particular, if there are enough injective and projective objects in A, then, given 26 a cotorsion pair (L, E) in A, every object of A has a special L-precover if and only if every object of A has a special E-preenvelope. These results are known as Salce lemmas [26] . A cotorsion pair (L, E) in A is called complete if every object of A has a special L-precover and a special E-preenvelope. Lemma 8.2. Let (L, E) be a complete cotorsion pair in an abelian category A, and let E ∈ E ⊂ A be an object. Then a morphism l : L −→ E in A is an L-cover if and only if it is an L ∩ E-cover.
Proof. Since the cotorsion pair (L, E) is complete in A, every object of A has a special L-precover, which is, in particular, an epic L-precover. It follows that all the L-precovers in A are epic.
Assume that l is an L-cover. Then, by Lemma 8.1(b), the morphism l is a special L-precover; so its kernel belongs to E. Since the class E is closed under extensions in
According to Lemma 8.1(c) applied to the class of objects L ∩ E ⊂ A, the object ker(l) is a direct summand of ker(l ′ ). Hence ker(l) ∈ E. So l is a special L-precover of E in A. In particular, by Lemma 8.1(a), l is an L-precover. Since l is an L ∩ E-cover, we can conclude that l is an L-cover. Proof. Let A be an object in A. By assumption, A has a special E-preenvelope a : A −→ E. Set L = coker(a); then we have a short exact sequence 0 −→ A −→ E −→ L −→ 0 in A with E ∈ E and L ∈ L. By assumption, the object E has an L-cover m : M −→ E in A. Set F = ker(m); by Lemma 8.1(b), we have F ∈ E. Let K denote the kernel of the composition of epimorphisms M −→ E −→ L; then we have K ∈ L, since M, L ∈ L and the cotorsion pair (L, E) is assumed to be hereditary. We have constructed a commutative diagram of four short exact sequences
The morphism k : K −→ A is an epimorphism with the kernel F ∈ E, so it is a special L-precover. Let us show that it is an L-cover. Let h : K −→ K be an endomorpism such that kh = k. Consider a pushout of the short exact sequence 0 −→ K −→ M −→ L −→ 0 by the morphism h and denote it by 0 −→ K −→ N −→ L −→ 0. We have N ∈ L, since K, L ∈ L and the class L is closed under extensions in A. In view of the universal property of the pushout, we have a commutative diagram of two morphisms of short exact sequences
with kh = k and ns = m. Since the morphism m : M −→ E is an L-cover and N ∈ L, there exists a morphism r ′ : N −→ M such that mr ′ = n. Moreover, one has mr
It follows that the morphism r : N −→ M forms a commutative triangle diagram with the morphisms N −→ L and M −→ L. Passing to the kernels of the latter two morphisms, we obtain a morphism g : K −→ K such that gh = id K . We have constructed a commutative diagram of two morphisms of short exact sequences
whose composition is the identity endomorphism of the short exact sequence 0
Thus we have shown that any endomorphism h : K −→ K such that kh = k is a (split) monomorphism. Furthermore, there is a commutative diagram of two morphisms of short exact sequences
where kg = k, because mr = n (indeed, since a is a monomorphism, it suffices to show that akg = ak, which follows from the equation mr = n and the commutativity of the left squares of our diagrams). Therefore, the morphism g : K −→ K is a (split) monomorphism, too, and we can conclude that both g and h are isomorphisms. (1) every object of A has an L-cover; (2) every object of E has an L-cover in A; (3) every object of E has an L ∩ E-cover. (2) is Lemma 8.3; (2) ⇐⇒ (3) is Lemma 8.2.
Proof. (1) ⇐⇒
The Tilting-Cotilting Correspondence
Let A be a complete, cocomplete abelian category with a fixed injective cogenerator J ∈ A. So there are enough injective objects in the category A, and the class of all injective objects is A inj = Prod(J) ⊂ A.
Let n ≥ 0 be an integer, and let T ∈ A be an object satisfying the following two conditions:
(i) the projective dimension of T (as an object of A) does not exceed n, that is Ext i A (T, A) = 0 for all A ∈ A and i > n; and (ii) for any set X, one has Ext i A (T, T (X) ) = 0 for all i > 0.
Denote by E ⊂ A the class of all objects E ∈ A such that Ext 
According to [23, Theorem 3.4] , every object of E is a quotient of an object from Add(T ) in A if and only if every object of A is a quotient of an object from L. If this is the case, we say that the object T ∈ A is n-tilting. For an n-tilting object T , the pair of classes of objects (L, E) in A is a hereditary complete cotorsion pair, called the n-tilting cotorsion pair associated with T .
Let B be a complete, cocomplete abelian category with a fixed projective generator P ∈ B. So there are enough projective objects in B, and one has B proj = Add(P ) ⊂ B.
The definition of an n-cotilting object W ∈ B is dual to the above definition of an n-tilting object. In other words, an object W ∈ B is said to be n-cotilting if the object W op is n-tilting in the abelian category B op opposite to B. The following theorem from [23] describes the phenomenon of n-tilting-cotilting correspondence. (e) under the equivalence of exact categories E ∼ = F, the injective cogenerator J ∈ E ⊂ A corresponds to the n-cotilting object W ∈ F ⊂ B, and the n-tilting object T ∈ E ⊂ A corresponds to the projective generator P ∈ F ⊂ B;
(f) there are enough projective and injective objects in the exact category E ∼ = F; the full subcategories of projectives and injectives in E are E proj = Add(T ) and E inj = A inj = Prod(J), while the full subcategories of projectives and injectives in F are F proj = B proj = Add(P ) and The following characterization of the n-tilting-cotilting correspondence situations will be useful in Section 12. It may also present an independent interest. Proposition 9.2. Let A be a complete, cocomplete abelian category with an injective cogenerator J, and let B be a complete, cocomplete abelian category with a projective generator P . Suppose that there is a derived equivalence
and the object P ∈ B to an object
Then, for any integer n ≥ 0, the following conditions are equivalent: (I) the projective dimension of the object T in the category A does not exceed n; (II) the injective dimension of the object W in the category B does not exceed n; (III) the standard t-structures on the derived categories
, viewed as two t-structures on the same triangulated category D using the triangulated equivalence
. If any one of these conditions is satisfied, then the object T ∈ A is n-tilting; the object W ∈ B is n-cotilting; and moreover, the abelian category A with the injective cogenerator J and the n-tilting object T and the abelian category B with the projective generator P and the n-cotilting object W are connected by the n-tilting-cotilting correspondence. The n-tilting class E ⊂ A is the intersection Now we can see that Ext Remark 9.3. Given a complete, cocomplete abelian category A with an injective cogenerator and an n-tilting object T , the related abelian category B can be described as the category B = T T -mod of modules over the monad T T : X −→ Hom A (T, T (X) ). The functors Φ and Ψ from Section 2.1 can be identified with the functors Φ and Ψ from Theorem 9.1 in this case [23, Remark 6.6] .
Dually, given a complete, cocomplete abelian category B with a projective generator and an n-cotilting object W , the related abelian category A can be described as the opposite category A = T W op -mod op to the category of modules over the monad
Examples 9.4. Suppose that there is an associative ring A such that the abelian category A can be embedded into A-mod as a full subcategory closed under coproducts. So, in particular, the n-tilting object T ∈ A can be viewed as a left A-module. Then it follows from [23, Theorem 7.1 or 9.9] that the abelian category B can be described as the category of left contramodules R-contra over the topological ring R = Hom A (T, T ) op from Examples 2.2 (1) or (2) . Further examples of classes of abelian categories A for which the category B admits such a description are discussed in [23, Sections 9-10] (see Examples 2.3).
Direct Limits in Categorical Tilting Theory
In this section we discuss the properties of direct limits in the n-tilting-cotilting correspondence context. We start with the case of the direct limits indexed by the poset of natural numbers.
Lemma 10.1. In the context of the n-tilting-cotilting correspondence, assume that countable direct limits are exact in the abelian category A. Then both the full subcategories E ⊂ A and F ⊂ B are closed under countable direct limits in their ambient abelian categories, and the functor Ψ : A −→ B preserves countable direct limits of objects from E. Furthermore, for any sequence of objects and morphisms
The functors of countable direct limit are exact in the exact category F.
Proof. The argument resembles the proof of Proposition 4.6. For any sequence of objects and morphisms B 1 −→ B 2 −→ B 3 −→ · · · in an abelian category B with countable coproducts, the short sequence
Moreover, for any sequence of objects and morphisms A 1 −→ A 2 −→ A 3 −→ · · · in an abelian category A with exact countable direct limits, the short sequence 0 −→
3). In particular, for any sequence of objects and morphisms
Hence it follows that lim − →i E i ∈ E, because the full subcategory E ⊂ A is closed under coproducts and the cokernels of monomorphisms.
The functor Φ, being a left adjoint, preserves all colimits. Thus, for any sequence of objects and morphisms
This is a short exact sequence in A with all the three terms belonging to E, so the functor Ψ transforms it into a short exact sequence in B with all the three terms belonging to F. We have a natural (adjunction) morphism from the right exact sequence
, which is an isomorphism at the first two terms, and therefore at the third term, too. Hence the object lim − →i
Since the coproduct functors are exact in F (because they are exact in E) and the cokernel of an admissible monomorphism is an exact functor, it follows that the functors of countable direct limit are exact in F. The functor Ψ| E : E −→ B preserves countable direct limits, because both the equivalence of categories E ∼ = F and the inclusion functor F −→ B do. This proves all the assertions of the lemma. Proof. (i) =⇒ (ii) According to Lemma 10.1, the class E is closed under countable direct limits in A. Hence, if the class L is closed under countable direct limits, too, then so is the class L ∩ E = Add(T ).
(ii) ⇐⇒ (iii) By the same lemma, the equivalence of categories E ∼ = F transforms countable direct limits of objects from E computed in A to countable direct limits of objects from F computed in B. Thus the class B proj = Ψ(Add(T )) ⊂ F is closed under countable direct limits in B if and only if the class Add(T ) ⊂ E is closed under countable direct limits in A.
(
and one also has M n ∈ E by cohomological dimension shifting, since the projective dimension of T does not exceed n. It remains to set
with L ∈ L and T j ∈ Add(T ), the objects of cocycles belong to L, since the class L, being a left class in a hereditary cotorsion theory, is closed under the kernels of epimorphisms. Now, for any two objects A ′ and A ′′ ∈ A, their special E-preenvelopes A ′ −→ E ′ and A ′′ −→ E ′′ , and a morphism A ′ −→ A ′′ , there is a morphism E ′ −→ E ′′ forming a commutative triangle diagram with the composition A ′ −→ A ′′ −→ E ′′ . Using this observation, for any sequence of objects and morphisms
Passing to the direct limit, we obtain an exact sequence
The following proposition provides a generalization to noncountable direct limits. Proof. The argument resembles the proof of Proposition 7.4. Let E : Θ −→ E be a diagram in the exact category E indexed by a directed poset Θ. Then the augmented bar-complex (6.2) (from Example 6.4) for the diagram E is an unbounded resolution of an object of A by objects of E (since the full subcategory E ⊂ A is closed under coproducts). Since the full subcategory E ⊂ A is defined as the class of all objects E ∈ A such that Ext i A (T, E) = 0 for all i > 0, and the tilting object T ∈ A has finite projective dimension, a simple cohomological dimension shifting argument shows that lim − →γ∈Γ E(γ) ∈ E. Moreover, all the objects of cycles of the exact complex (6.2) for the diagram E also belong to E. So this complex is exact in the exact category E.
Applying the functor Ψ to the augmented bar-complex for the diagram E, we get an exact complex in the category F, which coincides, except possibly at his rightmost term, with the augmented bar-complex (7.1) for the diagram Ψ • E in B (because both the equivalence of categories E ∼ = F and the inclusion functor F −→ B preserve coproducts). Since the bar-complex of any diagram in a cocomplete abelian category is exact at its rightmost term, it follows that the natural morphism lim − →γ
is an isomorphism and lim − →γ Ψ(E(γ)) ∈ F. As any diagram in F can be obtained by applying the functor Ψ to a diagram in E, we can conclude that the full subcategory F ⊂ B is also closed under direct limits, and the bar-complexes (7.1) computing such direct limits in F are exact. Exactness of the direct limit functors in F easily follows. Lemma 10.5. Let A be a locally presentable abelian category, (L, E) be a hereditary complete cotorsion pair in A, and T be a set of objects in A such that E = T ⊥ ≥1 is the class of all objects E ∈ A such that Ext i A (T, E) = 0 for all T ∈ T and i > 0. Then there exists a functor from A to the category of morphisms in A assigning to every object A ∈ A one of its special E-preeenvelopes.
Proof. One says that a cotorsion pair (L, E) in A is generated by a set if there exists a set of objects S in A such that E = S ⊥ 1 . In a locally presentable abelian category A, if a cotorsion pair (L, E) is generated by a set and every object of A is a subobject of an object of E, then every object of A has a special E-preenvelope and such a special preenvelope can be produced by the small object argument [22, Proposition 3.5 or Theorem 4.8(b)]. The construction of the small object argument in a locally presentable category can be performed functorially [9, Proposition 1.3] . It remains to show that there exists a set of objects S ⊂ A such that S ⊥ 1 = E = T ⊥ ≥1 . Clearly, one has T ⊂ L. Arguing by induction, it suffices to show that for every object S ∈ L and an integer i ≥ 2 there exists a set of objects S ′ ⊂ L such that for any given A ∈ A one has Ext 
When is the Left Tilting Class Covering?
In this section we prove Theorem 0.2 from the introduction. As in the previous sections, we start with weaker assumptions and then gradually strengthen them.
Proposition 11.1. In the context of the n-tilting-cotilting correspondence, the following four conditions are equivalent:
(1) the class L is covering in A; (2) every object of E has an L-cover in A; (5) ⇐⇒ (6) By Lemma 10.1, any countable direct limit of copies of the object T in A belongs to E. So Lemma 8.2 applies.
(6) ⇐⇒ (7) The equivalence of categories E ∼ = F identifies the class of objects Add(T ) ⊂ E with the class B proj ⊂ F. By Lemma 10.1, it also identifies countable direct limits of copies of the object T in A with countable direct limits of copies of the object P in B.
The implications (10) =⇒ (4) =⇒ (7) and (9)=⇒ (11) =⇒ (7) are obvious. So are the implications (2) =⇒ (5) 
Injective Ring Epimorphisms of Projective Dimension 1
In this section we discuss a certain tilting-cotilting correspondence situation associated with an injective homological ring epimorphism satisfying additional conditions on the flat and projective dimension.
We recall that a ring epimorphism u : R −→ U is a homomorphism of associative rings such that the multiplication map U ⊗ R U −→ U is an isomorphism of U-U-bimodules. We refer to the book [29, Section XI.1] for background information on ring epimorphisms, and to the paper [8] for more advanced recent results. A ring epimorphism u is said to be homological if Tor R i (U, U) = 0 for all i ≥ 1. The two-term complex of R-R-bimodules K • = (R → U) plays a key role in the theory developed in [8] . In the present paper, we deal with injective ring epimorphisms, i. e., ring epimorphisms u such that the map u is injective. In this case, the two-term complex of R-R-bimodule K
• is naturally isomorphic to the quotient bimodule U/R. So we set K = U/R and use K in lieu of K
• .
We will denote by pd R E the projective dimension of a left R-module E and by fd E R the flat dimension of a right R-module E. For any injective homological ring epimorphism u : R −→ U such that pd R U ≤ 1, the left R-module U ⊕K is 1-tilting [2, Theorem 3.5] . In this section we discuss a different tilting-cotilting correspondence situation, in which A ⊂ R-mod is a certain abelian subcategory.
Let u : R −→ U be an injective homological ring epimorphism. A left R-module A is said to be u-torsion-free if it is an R-submodule of a left U-module, or equivalently, if the R-module morphism u⊗ R id A : A −→ U ⊗ R A is injective. The class of u-torsionfree left R-modules is closed under submodules, direct sums, and products. Any left R-module A has a unique maximal u-torsion-free quotient module, which can be constructed as the image of the R-module morphism A −→ U ⊗ R A. When fd U R ≤ 1, the class of u-torsion-free R-modules is also closed under extensions in R-mod [8, Lemma 2.6(a)].
A left R-module B is said to be u-h-divisible if it is a quotient R-module of a left U-module, or equivalently, if the R-module morphsm Hom R (u, id B ) : Hom R (U, B) −→ B is surjective. The class of all u-h-divisible left R-modules is closed under epimorphic images, direct sums, and products. Any left R-module B has a unique maximal u-h-divisible submodule, which can be constructed as the image of the R-module morphism Hom R (U, B) −→ B. When pd R U ≤ 1, the class of u-h-divisible R-modules is also closed under extensions in R-mod [8, Lemma 2.
Assuming that fd U R ≤ 1, the full subcategory R-mod u-co of left u-comodules is closed under kernels, cokernels, extensions, and direct sums in R-mod [16, Proposition 1.1]; so R-mod u-co is an abelian category and the embedding functor R-mod u-co −→ R-mod is exact. The embedding functor R-mod u-co −→ R-mod has a right adjoint ("coreflector") Γ u : R-mod −→ R-mod u-co , computable as Γ u (A) = Tor A left R-module C is called a u-contramodule (or a left u-contramodule) if Hom R (U, C) = 0 = Ext 1 R (U, M). Assuming that pd R U ≤ 1, the full subcategory R-mod u-ctra of left u-contramodules is closed under kernels, cokernels, extensions, and direct products in R-mod [16, Proposition 1.1]; so R-mod u-ctra is an abelian category and the embedding functor R-mod u-ctra −→ R-mod is exact. The embedding functor R-mod u-ctra −→ R-mod has a left adjoint ("reflector") ∆ u : R-mod −→ R-mod u-ctra , computable as ∆ u (B) = Ext 1 R (K, B) for all B ∈ R-mod. The category R-mod u-ctra is a locally presentable abelian category with a projective generator ∆ u (R) ∈ R-mod u-ctra [8, Proposition 3.2 and Lemma 3.5].
The following two theorems are the main results of this section. Consider the topological ring R = Hom R (K, K) op opposite to the ring of endomorphisms of the left R-module K, and endow it with the finite topology, as defined in Example 2.2 (1). Then the right action of the ring R in the R-R-bimodule K induces a homomorphism of associative rings R −→ R. We are interested in the composition of the forgetful functor R-contra −→ R-mod defined in Section 1.4 with the obvious functor of restriction of scalars R-mod −→ R-mod. 
Proof. The additional assumptions of [10, Corollary 4.4] or [8, Corollary 7.3] hold for all injective ring epimorphisms by [8, Example 7.4 ].
Theorem 12.1 is simplest obtained by applying Proposition 9.2 (for n = 1) to the derived equivalence (12.1) (for ⋆ = b). To be more precise, one needs to know a bit about how the derived equivalence (12.1) is constructed. In the proof [8, Corollary 7.3] , the triangulated equivalence is obtained from the recollement of [8, Section 6] , and it needs to be shifted by [1] before it becomes a tilting derived equivalence. The triangulated equivalence in [8, Corollary 6. Alternatively, one can check that K ∈ R-mod u-co is a 1-tilting object in the way similar to the argument in [23, Example 5.7] . Following Examples 9.4, the abelian category B corresponding to this tilting object in the abelian category A = R-mod u-co can be described as B = R-contra. The functor Ψ is then still computed as Ψ = Hom R (K, −) [23, Remark 6.6], while the left adjoint functor Φ is the functor of socalled contratensor product Φ = K ⊙ R − with the discrete right R-module K [23, formula (20) ] (which is the same thing as the tensor product K ⊗ R − provided that the forgetful functor R-contra −→ R-mod is fully faithful, cf. [23, Lemma 7.11] ). Comparing this approach to the previous one yields R-contra ∼ = B ∼ = R-mod u-ctra , that is the assertion of Theorem 12. Let us spell out this argument a bit more explicitly. There are enough projective objects of the form P = ∆ u (R[X]) in R-mod u-ctra , and these are precisely the images of the free R-contramodules R[[X]] under the forgetful functor. To show that the whole image of the forgetful functor R-contra −→ R-mod lies inside R-mod u-ctra , observe that the forgetful functor preserves cokernels, the full subcategory R-mod u-ctra ⊂ R-mod is closed under cokernels, and every left R-contramodule is the cokernel of a morphism of free left R-contramodules.
As an abelian category with enough projective objects is determined by its full subcategory of projective objects, in order to prove that the functor R-contra −→ R-mod u-ctra is an equivalence of categories it suffices to show that it is an equivalence in restriction to the full subcategories of projective objects. In other words, we have to check that the natural map Hom . However, the assumptions in [23] presume existence of a left linear topological ring A such that A is the category of discrete left A-modules, or in other words, a hereditary pretorsion class in A-mod. In the context of the present section, A is the full abelian subcategory of left u-comodules in R-mod, which is not necessarily a pretorsion class (see the discussion in [8, Section 5] and the examples in [8, Section 8] ). Nevertheless, the arguments in the beginning of [23, Section 8] are still valid in our present context. The key observation is that, for any associative ring S, any R-S-bimodule E whose underlying left R-module is a u-comodule, and any left S-module C, the left R-module E ⊗ R C is a left u-comodule. This follows easily from the fact that the full subcategory of left u-comodules is closed under cokernels and direct sums in R-mod. So the functor Φ = K ⊗ R − : R-mod u-ctra −→ R-mod u-co is well-defined. A similar observation holds for the contratensor product in place of the tensor product; so the functor Φ = K ⊙ R − : R-contra −→ R-mod u-co is well-defined, too.
Covers and Direct Limits for Injective Ring Epimorphism
In this final section, we discuss the covering and direct limit closedness properties of the tilting objects U ⊕ K ∈ R-mod and K ∈ R-mod u-co in connection with the perfectness properties of the related rings.
Let u : R −→ U be an injective homological ring epimorphism. Assuming that pd R U ≤ 1, denote by (N, G) the 1-tilting cotorsion pair in R-mod associated with the 1-tilting left R-module U ⊕ K. Assuming that fd U R ≤ 1 and pd R U ≤ 1, we also have the 1-tilting cotorsion pair (L, E) in the abelian category A = R-mod u-co associated with the 1-tilting object K. The conditions (12) and (13) are equivalent by Lemma 13.4(a). The equivalence of all the eleven conditions (1-6) and (8) (9) (10) (11) (12) is provable in the same way as the equivalence of the eleven conditions in Theorem 13.3 (2-4, 6-13) .
Specifically, the conditions (3), (6) , and (11) are equivalent to each other, for countable direct limits, by Corollary 10.2, and for uncountable ones, by Corollary 10.6.
All the conditions (9-12) are equivalent to each other (in our assumptions) by [8, Theorem 12.4] . This also establishes the equivalence of the countable and uncountable versions of the condition (11) .
The conditions (2), (5), and (10) are equivalent to each other by Proposition 11.1 (5) ⇔ (6) ⇔ (7). All the conditions (1), (3), (4), (6), (8), (9), (11) , and (12) are equivalent to each other by Corollary 11.2.
Alternatively, all the conditions (4-6) and (8) (9) (10) (11) (12) are equivalent to each other by Corollary 5.3. Notice that the left R-module U ⊕K satisfies THEC by Example 4.3 (1) (it is also self-pure-projective by Example 7.2 (2)).
The last assertion of the theorem follows from Lemma 13.4(b) and [8, Lemma 5.2].
Example 13.6. Let R be a commutative ring and S ⊂ R be a multiplicative subset consisting of regular elements. Denote the multiplicative subset of all regular elements in R by S ⊂ S reg ⊂ R. Set U = S −1 R; then the localization map u : R −→ U is an injective flat epimorphism of commutative rings. The topological ring R = Hom R (U/R, U/R) is naturally topologically isomorphic to the S-completion lim ← −s∈S R/sR of the ring R (viewed as the topological ring in the projective limit topology), which was discussed in [21, Example 11.2] .
Assume that pd R S −1 R ≤ 1, and set K = U/R. Then the homomorphism of commutative rings R −→ S −1 R = U satisfies the assumptions of Theorems 13.3 and 13.5. By Theorem 13.3, the class of R-modules A ∩ N is covering (if and only if the class Add(K) ⊂ R-mod is covering and) if and only if the ring R/sR is perfect for every s ∈ S. By Theorem 13.5, the class of R-modules N is covering (if and only if the class Add(U ⊕ K) ⊂ R-mod is covering and) if and only if two conditions hold: the ring R/sR is perfect for every s ∈ S, and the ring S −1 R is perfect. The latter two conditions are equivalent to the following two: one has S −1 R = S −1 reg R, and the ring R is almost perfect (in the sense of the paper [15] ). It is worth noticing that the condition that all the rings R/sR are perfect already implies pd R S −1 R ≤ 1 [15, Lemma 3.4] , [7, Theorem 6.13] . For example, let R = Z be the ring of integers, p be a prime number, and S = {1, p, p 2 , p 3 , . . . } ⊂ R be the multiplicative subset in Z generated by p. Then the class of abelian groups A ∩ N ⊂ Ab is covering, but the class N ⊂ Ab is not. Alternatively, let S ′ ⊂ Z be the multiplicative subset of all integers not divisible by p. Then, once again, the related class A ∩ N ′ ⊂ Ab is covering, but the class of abelian groups N ′ ⊂ Ab is not.
